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RANK DISTANCE CODES

P d(A,B) = rk(A — B) A,B e F"*"

cC F;”X" Rank Distance code (RD forshort)

d(C) = mina gec d(A,B)  minimum distance
A+B

‘C‘ < qmax{m,n}(min{mn}—dv1) Singleton bound

C Maximum Rank Distance if equality holds (MRD for short)
(m,n;q,d)

C additive RD code if C subgroup of ]F;"X”
C linear RD code if C Fy-subspace of Fy'*"
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RANK DISTANCE CODES

¢l ={xt:xec}
adjoint code of C
C1,Co CF™" equivalent 3P € GL(m,q),Q € GL(n,q),R € Fy"*"and p € Aut(Fy)s.t.
C, = {PX’Q+R | Xe€C}
or,ifm = n, adjointly equivalent 3P,Q € GL(n,q),R € Fg*"and p € Aut(Fg)st.
C, ={PXPQ+R|Xec}

1<u<m-—1,
¢’ C F;’"’”)X“ obtained by ¢ C F;'*" deleting the last u rows of C,

punctured code of C

PROPOSITION. [E. Byrne, A. Ravagnani (2017)]

LetC C 7" bean MRD code. Then, forany1 < u < m — 1, the punctured code C’isMRD as well.
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RD CODES & o-LINEARIZED POLYNOMIALS

m=n,
S
0 :XEFp — xT €Fpn,(s,n) =1

n—1 7
~ 1
Lpg,oX] =13 a(x) = Z aix? i aj € Fgn
i=0
o-linearized polynomials

C CLng,0[x] = Endg, (Fgn) = Fp*"

C1,C; C Lnglx] equivalent 3 f, g € £y q.,[xX] bijective, h(x) € L£nq. and p € Aut(F,)
Co={foafog+h |act}

C1,C2 C Lnglx] adj.equivalent 3f, g € £,4.,[x] bijective, h(x) € £y 4., and p € Aut(Fy)
Co={foa”og+h |acC}
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Linear (n,n,q; n — k +1)-MRD codes

>
[P. Delsarte (1978)-Gabidulin (1985)- E. Gabiduin, A. Kshevetskiy (2005)]
k—1 i
Gro = ZQ,X” L af € Fa” s
i=0
1< k<n.
>

[). Sheekey (2016)- G. Lunardon, R. Trombetti, Y. Zhou (2018)]

k—1
i h _k
Hp.o(n, h) = {Z aix” +nad X7 i € Fa“} ]
i=0

0<hk<no<h<n ne Fqn Sit Nqsn/qs(n) # (71)”‘?.



G. Longobardi | Non-linear MRD codes from cones over exterior sets

KNOWN MRD CODES

Linear (n,n,q; n — k +1)-MRD codes

>
[P. Delsarte (1978)-Gabidulin (1985)- E. Gabiduin, A. Kshevetskiy (2005)]

k—1 .
1
Gro = { E aix?  q G]FZH},
i=0

1< k<n.
>
[). Sheekey (2016)- G. Lunardon, R. Trombetti, Y. Zhou (2018)]

k—1
i h _k
Hp.o(n, h) = {Z aix” +nad X7 i € Fa“} ]
i=0

0<k<noO<h<n nc ]Fqn Sit Nqsn/qs(n) # (71)”‘?.

>
[R. Trombetti, Y. Zhou (2019)]

k—1
i ok
Dy, »(€) = {E aiX” + EapxX? i, ..., € Fon, 00, € th}

i=0

n=2t2<d<nandqodd, ¢ € Fyn such thath,,/at(f) Z 0.
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Additive (n,n,n — k +1)-MRD codes
> [K.Otal, F. Ozbudak (2017)]
k1 , Sk
A0 (n, ) = Z aix? +nalx’ o €Fn o,
i=0

nk,uh > 0andk <n,q=4qg, 1€ Fgn st Non g5 (1) # (—1)"™ (Fq,-linear code).
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> [K.Otal, F Ozbudak (2018)]
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n,k,o,l n,k,o,l
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Non-linear (n,n; q,n — k +1)-MRD codes
> [K.Otal, F Ozbudak (2018)]
Chkyor,l = CS!.I.)%.(TJ U Cﬁ,mr

where

and
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Non-linear (n,n; q,n — k +1)-MRD codes

> [K. Otal, F. Ozbudak (2018)]

Co eyt = CSL e ant)f ol
where
k—1 i
Cy(i)k_”)‘ = {Za,x” f@o, ..y g € Fgn, Nonjo(ao) € l} -
i=0
and

k
p P k
;Ezi ol {Z B+ B € Fqn, Non g(B1) & (=1)" *”1}

1<k<n-—1andl C F,.
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KNOWN MRD CODES

Non-linear (n,n; q,n — k +1)-MRD codes

> [K. Otal, F. Ozbudak (2018)]

Co eyt = CSL e ant)f ol
where
k—1 i
CEJL_”J = {Za,x” f@o, ..y g € Fgn, Nonjo(ao) € l} -
i=0
and

k
g . k
;Ezi ol {Z B+ B € Fqn, Non g(B1) & (=1)" *”1}

1<k<n-—1andl C F,.

» [C.Donati, N. Durante (2018)]:n > 3,1 < d < n —1,(d + 1, n; q, d)-MRD codes.
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FIELD REDUCTION

Let & bearoot of an irreducible polynomial of degree n over Fy. Then, for any x € Fn one has

X=Xo+XE+ ... +Xyg1&T, X; € Fy.

" X10 X1 X1,n—1 s
D (X1, .., Xm) € Fa“ — | X20 X ... Xen— | €FST
Xmo Xy Xm,m—'l

where
Xi = Xio + Xn€ + o A Xig_1£" X € Fq

field reduction ofLFZL infg "

1. ® maps h-dim. subspaces oqu’",, to hn-dim. subspaces of Fj'".

2. ®inducesamap
¢’ PG(m —1,9") — PG(F;™", Fy) = PG(mn —1,9)

sending (h — 1)-dim. proj. subspaces to (hn — 1)-dim. proj. subspaces.
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SEGRE VARIETY

Sm—1,n—1 = {<M>Fq € PG(mn —1,q): kM =1}
Segre variety of PG(mn — 1,¢q),m < n

Sm—1,n—1 can be seen as the field reduction of the setin PG(m — 1,¢4"),m < n

m—1
T ={(x7, ..., x7 ):x€Fn} =PG(n—1,9)
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SECANT VARIETY € EXTERIOR SETS

A C PG(r—1,9),

Q,(A)
h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of .A

The image of Q,(Zm,n) € PG(m — 1, 4") under the field reduction is

Q(Sm—1n—1) = {(M)g,: tkM < h +1} C PG(mn —1,q)

E CPG(r—1,q) exteriorsetwrtQ,(.A) ifany linejoining two points of £ is disjoint from Q,,(.A)

An exterior set £ wrt ,,(A) maximal in size is called maximum (wrt ©,,(.A))
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EXTERIOR SETS e~ RD-CODES

THEOREM. [A.Cossidente, G. Marino, F. Pavese (2016)-N. Durante, G. Donati (2017)]

Let& C PG(m —1,q"), m < nbe an exterior set with respect to Q;, (X ) and denote by £’ the
image of £ under the field reduction. Then,
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Let& C PG(m —1,q"), m < nbe an exterior set with respect to Q;, (X ) and denote by £’ the
image of £ under the field reduction. Then,

i) theset

C={pM: (Mg, € &', p € Fq}

isan (m, n, q; h + 2)-RD code closed under F,-multiplication.
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EXTERIOR SETS e~ RD-CODES

THEOREM. [A.Cossidente, G. Marino, F. Pavese (2016)-N. Durante, G. Donati (2017)]

Let& C PG(m —1,q"), m < nbe an exterior set with respect to Q;, (X ) and denote by £’ the
image of £ under the field reduction. Then,

i) theset
C={pM: (M), € &', p € Fq}
isan (m, n, q; h + 2)-RD code closed under F,-multiplication.
—h—
i Jg| < Do

In addition, if £ is maximum then C is MRD.
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C7-SETS

» A, Bdistinct pointsin PG(d, q"),d > 2,

» S, and S be the stars of lines (pencils of lines if d = 2) through A and B, respectively.
» o-collineation
V:S), — 55

StW(AB) # ABand dim(W~"(AB), AB, W(AB)) = min{3,d}.

X={LNV(L): L e Sp}
CF -set

THEOREM. [G. Donati, N. Durante (2018)]
Any CF -set is projectively equivalent to the set

X = {A, B} UlUser; %o,
with

- A=(0,...,0,1),B=(1,0,...,0) vertices of X,

d—1
- X = {0, 6t t7 T F o) S NG, (t) = a} components of X
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» Anycomponent X; & PG(n — 1, q).
» The line AB can be partitioned in

AB = {A~ B} U UaeF‘; Ja
where

Ja={(1,0,...,0,(=1)™"t) : Nyn /,(t) = a}
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EXTERIOR SET FROM A C7-SET

THEOREM. [G. Donati, N. Durante (2018)]
Let

d
X ={(x7,...,x7 ) : x €Fu} =2 PG(n—1,9)
and I = PG(d, q) be a subgeometry of X;. Forany T C Fy,1 € T, the set
£= <X\U/\.’a> ulJJe
acT acT

is a maximum exterior set with respect to Q,_, ().
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EXTERIOR SET FROM A C7-SET

THEOREM. [G. Donati, N. Durante (2018)]
Let

d
X ={(x7,...,x7 ) : x €Fu} =2 PG(n—1,9)
and I = PG(d, q) be a subgeometry of X;. Forany T C Fy,1 € T, the set
£= <X\U/\.’a> ulJJe
acT acT

is a maximum exterior set with respect to Q,_, ().

COROLLARY. G. Donati, N. Durante (2018)]

The exterior set € givesrisetoa (d + 1, n, q; d)-MRD code C,withq > 2,n > 3and2 <d < n —1.
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EMBEDDING OF ¥ ¢~ CONE

» (canonical) subgeometry of PG(n —1,4")

n—1
T =0 = 0% 5% 5000 X7 ):x€Fn} = PG(n—1,q)
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EMBEDDING OF ¥ ¢~ CONE

» (canonical) subgeometry of PG(n —1,4")

-1
Y =S = (06X, x”" ) x € Fin} = PG(n —1,9)

Asubspace Sof PG(n —1,4") subspace of ¥ if

dimpqn S = dimg, (SN X)
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» (canonical) subgeometry of PG(n —1,4")

-1
Y =S = (06X, x”" ) x € Fin} = PG(n —1,9)

Asubspace Sof PG(n —1,4") subspace of ¥ if
dimpqn S = dimg, (SN X)

» A* (k —3)-subspace of PG(n —1,4")st A* NE =0
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EMBEDDING OF ¥ ¢~ CONE

» (canonical) subgeometry of PG(n —1,4")

-1
Y =S = (06X, x”" ) x € Fin} = PG(n —1,9)

Asubspace Sof PG(n —1,4") subspace of ¥ if
dimpqn S = dimg, (SN X)

» A* (k —3)-subspace of PG(n —1,4")st A* NE =0
» A (n— k+1)-subspaceof PG(n —1,4")st ANA* =0
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EMBEDDING OF ¥ ¢~ CONE

» (canonical) subgeometry of PG(n —1,4")

-1
Da S x”" ) x € Fin} = PG(n —1,9)

Asubspace Sof PG(n —1,4") subspace of ¥ if
dimpqn S = dimg, (SN X)
» A* (k—3)-subspace of PG(n —1,4")st. A* N =0
» A (n— k+1)-subspaceof PG(n —1,4")st ANA* =0

> et
I'=paA(Z) = {(N",P)NA:PET},

projection of & from A* to A
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EMBEDDING OF ¥ ¢~ CONE

» (canonical) subgeometry of PG(n —1,4")

-1
Da S x”" ) x € Fin} = PG(n —1,9)

Asubspace Sof PG(n —1,4") subspace of ¥ if
dimpqn S = dimg, (SN X)
» A* (k—3)-subspace of PG(n —1,4")st. A* N =0
» A (n— k+1)-subspaceof PG(n —1,4")st ANA* =0

> et
I'=paA(Z) = {(N",P)NA:PET},

projection of & from A* to A

I = ppx A(X)is (n — k + 1)-embedding of T ifany (n — k + 1)-subspace of ¥ is disjoint from A*
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EMBEDDING OF ¥ ¢~ CONE

» (canonical) subgeometry of PG(n —1,4")

-1
Da S x”" ) x € Fin} = PG(n —1,9)

Asubspace Sof PG(n —1,4") subspace of ¥ if
dimpqn S = dimg, (SN X)
» A* (k—3)-subspace of PG(n —1,4")st. A* N =0
» A (n— k+1)-subspaceof PG(n —1,4")st ANA* =0

> et
I'=paA(Z) = {(N",P)NA:PET},

projection of & from A* to A

I = ppx A(X)is (n — k + 1)-embedding of T ifany (n — k + 1)-subspace of ¥ is disjoint from A*

» M,N C PG(n—1,q")twodisjoint sets with M a subspace,

K(M,N) = Upem.qen PQ
cone with vertex M and base N
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EXTERIOR SETS FROM CONES
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EXTERIOR SETS FROM CONES

THEOREM.[N. Durante, G.G. Grimaldi, GL (202x)]
Let
- ¥ = PG(n—1,q)beacanonical subgeometry of PG(n — 1,4"),
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EXTERIOR SETS FROM CONES

THEOREM.[N. Durante, G.G. Grimaldi, GL (202x)]
Let
- ¥ = PG(n—1,q)beacanonical subgeometry of PG(n — 1,4"),

- A*and A be subspaces of PG(n — 1, ¢") of dimension k — 3and n — k + 1, respectively, s.t.
AN"NE=0=A"NA

A*

O

<

>



G. Longobardi | Non-linear MRD codes from cones over exterior sets

EXTERIOR SETS FROM CONES

THEOREM.[N. Durante, G.G. Grimaldi, GL (202x)]
Let
- ¥ = PG(n—1,q)beacanonical subgeometry of PG(n — 1,4"),
- A*and A be subspaces of PG(n — 1, ¢") of dimension k — 3and n — k + 1, respectively, s.t.
AN"NE=0=A"NA
- T = pp+ A(X)bean (n — k + 1)-embedding of £, and
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EXTERIOR SETS FROM CONES

THEOREM.[N. Durante, G.G. Grimaldi, GL (202x)]

- ¥ = PG(n—1,q)beacanonical subgeometry of PG(n — 1,4"),

- A*and A be subspaces of PG(n — 1, ¢") of dimension k — 3and n — k + 1, respectively, s.t.
AN"NE=0=A"NA

- T = pp+ A(X)bean (n — k + 1)-embedding of £, and
- & C Abea (maximum) exterior set with respectto Q,,_j,_,(I).

A*
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EXTERIOR SETS FROM CONES

THEOREM.[N. Durante, G.G. Grimaldi, GL (202x)]
Let
- ¥ = PG(n—1,q)beacanonical subgeometry of PG(n — 1,4"),

- A*and A be subspaces of PG(n — 1, ¢") of dimension k — 3and n — k + 1, respectively, s.t.
AN"NE=0=A"NA

- T = pp+ A(X)bean (n — k + 1)-embedding of £, and
- & C Abea (maximum) exterior set with respectto Q,,_j,_,(I).

Then, K = IC(A*, €) isa (maximum) exterior set with respectto Q,_,_;(X).

A*
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OUR CONSTRUCTION

/\*:XOZX1:...:X,,7;€_1iO and A:X,77k+2:X”7k+3:.,.:
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OUR CONSTRUCTION
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OUR CONSTRUCTION

Let

£= <X\Uxa> ulJJe
acT acT
where
> X = U%F; Xa U {A,B} C7-setof Awith vertices

A=(0,...,0,1,...,0), B=(1,0,..., 0),
———
n—k+1
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OUR CONSTRUCTION

Let
£= <X\Uxa> ulJJe
acT acT
where
> X = U%F; Xa U {A,B} C7-setof Awith vertices
A=(0,...,0,1,...,0), B=(1,0,..., 0),
H/_/
n—hk+1
and components
n—k

Xo={(1,6,87,...,t7 FFH 0 0) Ny jo(t) = a}.
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OUR CONSTRUCTION

Let
€= <X\Uxa> vl
acT aeT
where
> X = U,,Ep; X, U {A, B} C7-setof Awith vertices
A=(0,...,0,1,...,0), B=(1,0,..., 0),
H,—/
n—hk+1
and components
- ok ot
X ={(1,t,t7, ..., t ,0,...,0) : Ngn/o(t) = a}
>
Ja={(1,0,...,0,(=1)""",0,...,0) : Ngn ,(t) = a}
Af—/
n—k

foranyT C Fy,1 €T,
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OUR CONSTRUCTION

Let

g:(X\U?Q)UU]a

acT acT

where
> X = U%F; Xa U {A,B} C7-setof Awith vertices
A=(0,...,0,1,...,0), B=(1,0,..., 0),

——
n—hk+1
and components
o P
X ={(1,t,t7, ..., t ,0,...,0) : Ngn/o(t) = a}
>
Ja={(1,0,...,0,(=1)""",0,...,0) : Ngn ,(t) = a}
N——
n—k

foranyT C Fy,1 €T,
£ is a maximum exterior set with respectto Q,,_,,_,(I")
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THE CODEC, 1

COROLLARY [N.Durante, G.G. Grimaldi, GL (202x)]

ForanyT CF7,1 €T, theset IC = IC(A*, €) is a maximum exterior set with respect to Q,_j,_(X).
Then, the set
Cor = {pM: (M)r, € K, p € Fq}

isan (n,n,q; n — k +1)-MRD code.
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Then, the set
Cor = {pM: (M)r, € K, p € Fq}

isan (n,n,q; n — k +1)-MRD code.

» [A. Cossidente, G. Marino, F. Pavese (2016)]: (3, 3; 4, 2)-MRD codes = A* = ()
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THE CODEC, 1

COROLLARY [N.Durante, G.G. Grimaldi, GL (202x)]

ForanyT CF7,1 €T, theset IC = IC(A*, €) is a maximum exterior set with respect to Q,_j,_(X).
Then, the set
Cor = {pM: (M)r, € K, p € Fq}

isan (n,n,q; n — k +1)-MRD code.

» [A. Cossidente, G. Marino, F. Pavese (2016)]: (3, 3; 4, 2)-MRD codes = A* = ()
» [A.Siciliano, N. Durante (2017)]: n > 3, (n, n; q,n — 2)-MRD codes = A* =
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THE CODEC, 1

COROLLARY [N.Durante, G.G. Grimaldi, GL (202x)]

ForanyT C F;,1 € T,theset IC = K(A*, £) isa maximum exterior set with respect to Q,,_j,_;(%).
Then, the set
Cor={pM: (M)r, € K, p € Fq}

isan (n,n,q; n — k +1)-MRD code.

» [A. Cossidente, G. Marino, F. Pavese (2016)]: (3, 3; 4, 2)-MRD codes = A* = ()

» [A.Siciliano, N. Durante (2017)]: n > 3, (n, n; q,n — 2)-MRD codes = A* =

» [G.Donati, N. Durante (2018)]n > 3,2 <d <n—1,(n,n;q,n — 2) —
punctured code ), ; C F;”*k’z)x” obtained by C,, 1 deleting the last (k — 2) rows.
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Ca,T AS SET OF 0-LINEARIZED POLYNOMIALS

o'
HT{ZM eTTT o +Zfax i X @, B € Fgn, Ngn g(€) €FA\ T

i=d+1

d+1 o ad zr"_ g
U dax + (=)™ Aa%nx7 + > Bix” 1 A, o, B € Fan, Ngn j(n) € T
i=d+1
U{

d n—1 A n—1
ax’ + Z ﬁ,X{T’ o, B € Fqn} U {0X+ Z sg,'X{T, T, B € Fqn

i=d+1 i=d+1
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Cc,j AS SET OF 0-LINEARIZED POLYNOMIALS

HT{ZM gn 1x +Z’1x )\,(Y,B,G]Tﬂ,q?Nqn/q({)eIF;\T}

i=d+1

@]

d+1 o od = p o . P
U dax + (=)™ Aa%nx” + > Bix7 X, a, Bi € Fgn, Nonjg(n) € T
i=d+1

d n—1 ; n—1 i
ax? + Z Bix? 1 a,Bi € Fqn} U {ax + Z Bix" : o, B € Fgn

i=d+1 i=d+1

o = q
U= {GXU +> BX” : o, B € Fq"} = {fOXU 3 € gk—'}.a} = Gk1,0

i=d+1
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Cc,j AS SET OF 0-LINEARIZED POLYNOMIALS

HT{ZM gn 1x +Z’1x )\,(Y,B,G]Tﬂ,q?Nqn/q({)eIF;\T}

i=d+1

@]

d+1 o od = p o . P
U dax + (=)™ Aa%nx” + > Bix7 X, a, Bi € Fgn, Nonjg(n) € T
i=d+1

d n—1 ; n—1 i
ax? + Z Bix? 1 a,Bi € Fqn} U {ax + Z Bix" : o, B € Fgn

i=d+1 i=d+1

o = q
U= {GXU +> BX” : o, B € Fq"} = {fOXU 3 € gk—'}.a} = Gk1,0

i=d+1

n—1
i d+1
Y = {(xx—}— Zﬂ,x“ :(x,/?iélf“qn} = {foxa ;fegFM} ggkfw

i=d+1
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EQUIVALENCE ISSUE

—cm @)
C"=k~‘7-’ - Cn,k,a.! J Cn,k.o.l
where
k—1 ;
chl,)k,aj = Z aix” 1 aj € Fgn, Ngn jq(o) €1
i=0
J i
C? =43 aix” :ai € Fgn, Nanjq(ay) & (=1)V1
i=1

1<k<n-—1and! CF,.
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EQUIVALENCE ISSUE

- _ ~M (2)
Chkyol = Cn,k,a.! UC, o
where
k—1 i
qul.)k,m =4 aix” i € Fgn, N q(a0) €1
i=0
i i
O 1= 4D e s ar € By, Ny jg(on) & (—1)41
i=1

1<k<n-—1and! CF,.

k—1 .
w = Z"/;X”' 2 € Fgn ={fox? :f€Gr1,} 2 Gro
i=1
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EQUIVALENCE ISSUE

Crpap =R _uEs

n,k,o,l n,k,o,l

where

i=0

k—1
1
quwk ol = {Z aix? 1 aj € Fgn, Ngn jq(0) € I}

k "
c? = {Za,x”’ t 0 € Fan, Non /4(0) & (1)‘“””4}
i=1

1<k<n-1andl CF,.
k—1 i
W= 2:"!7)([7 i E€Fpm o ={fox” :f€G 1o} =2Gp1,
i=1

THEOREM.[N. Durante, G.G.Grimaldi, GL (202X)]

Let! ¢ {{0},Fq,F;, 0}, thecodeC, y . contains a unique subspace equivalentto G, _; .
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EQUIVALENCE ISSUE
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EQUIVALENCE ISSUE

THEOREM. [N.Durante, G.G.Grimaldi, GL (202x)]

Ifg = 20rT = F; and| € {{0},Fq, F;, 0}, then the codes of type C, . and C,, 1 are both
equivalenttoa gy, .

IfI ¢ {{0},Fq,F;,0}and1 € T C Fy. Then the codes of type C, ., and C,, 1 are neither
equivalent nor adjointly equivalent.
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Dankuwel

voor uw aandacht



