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1Rank Distance Codes

Fm×n
q d(A, B) = rk(A − B) A, B ∈ Fm×n

q

C ⊆ Fm×n
q Rank Distance code (RD for short)

d(C) = minA,B∈C
A̸=B

d(A, B) minimum distance

|C| ≤ qmax{m,n}(min{m,n}−d+1) Singleton bound

C Maximum Rank Distance if equality holds (MRD for short)

(m, n; q, d)

C additive RD code if C subgroup of Fm×n
q

C linear RD code if C Fq-subspace of Fm×n
q
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2Rank Distance Codes

C⊤ = {Xt : X ∈ C}
adjoint code of C

C1, C2 ⊆ Fm×n
q equivalent ∃ P ∈ GL(m, q), Q ∈ GL(n, q), R ∈ Fm×n

q and ρ ∈ Aut(Fq) s.t.

C2 = {PXρQ + R | X ∈ C1}

or, if m = n, adjointly equivalent ∃ P, Q ∈ GL(n, q), R ∈ Fn×n
q and ρ ∈ Aut(Fq) s.t.

C2 = {PXρQ + R | X ∈ C⊤
1 }

1 ≤ u ≤ m − 1,
C′ ⊆ F(m−u)×u

q obtained by C ⊆ Fm×n
q deleting the last u rows of C,

punctured code of C

Proposition. [ E. Byrne, A. Ravagnani (2017)]
Let C ⊆ Fm×n

q be an MRD code. Then, for any 1 ≤ u ≤ m − 1, the punctured code C′ is MRD as well.
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3RD codes & σ-linearized polynomials

m = n,
σ : x ∈ Fqn 7−→ xqs

∈ Fqn , (s, n) = 1

L̃n,q,σ [x] =

α(x) =
n−1∑
i=0

αixσi
: αi ∈ Fqn


σ-linearized polynomials

C ⊆L̃n,q,σ [x] ∼= EndFq (Fqn ) ∼= Fn×n
q

C1, C2 ⊆ L̃n,q[x] equivalent ∃ f , g ∈ L̃n,q,σ [x] bijective, h(x) ∈ L̃n,q,σ and ρ ∈ Aut(Fq)

C2 = {f ◦ αρ ◦ g + h | α ∈ C1}

C1, C2 ⊆ L̃n,q[x] adj. equivalent ∃ f , g ∈ L̃n,q,σ [x] bijective, h(x) ∈ L̃n,q,σ and ρ ∈ Aut(Fq)

C2 = {f ◦ αρ ◦ g + h | α ∈ C⊤
1 }
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4Known MRD codes

Linear (n, n, q; n − k + 1)-MRD codes

▶ (Generalized) Delsarte-Gabidulin code
[P. Delsarte (1978)-Gabidulin (1985)- E. Gabiduin, A. Kshevetskiy (2005)]

Gk,σ =


k−1∑
i=0

αixσi
: αi ∈ Fqn

 ,

1 ≤ k ≤ n.
▶ (Generalized) twisted Gabidulin code

[J. Sheekey (2016)- G. Lunardon, R. Trombetti, Y. Zhou (2018)]

Hk,σ(η, h) =


k−1∑
i=0

αixσi
+ ηα

qh
0 xσk

: αi ∈ Fqn

 ,

0 < k < n, 0 ≤ h < n, η ∈ Fqn s.t. Nqsn/qs (η) ̸= (−1)nk.
▶ Trombetti-Zhou code

[R. Trombetti, Y. Zhou (2019)]

Dk,σ(ξ) =


k−1∑
i=0

αixσi
+ ξαkxσk

: α1, . . . , αk−1 ∈ Fqn , α0, αk ∈ Fqt


n = 2t, 2 ≤ d ≤ n and q odd , ξ ∈ Fqn such that Nqn/qt (ξ) ̸∈ □.
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[P. Delsarte (1978)-Gabidulin (1985)- E. Gabiduin, A. Kshevetskiy (2005)]

Gk,σ =


k−1∑
i=0

αixσi
: αi ∈ Fqn

 ,

1 ≤ k ≤ n.
▶ (Generalized) twisted Gabidulin code

[J. Sheekey (2016)- G. Lunardon, R. Trombetti, Y. Zhou (2018)]

Hk,σ(η, h) =


k−1∑
i=0

αixσi
+ ηα

qh
0 xσk

: αi ∈ Fqn

 ,

0 < k < n, 0 ≤ h < n, η ∈ Fqn s.t. Nqsn/qs (η) ̸= (−1)nk.
▶ Trombetti-Zhou code

[R. Trombetti, Y. Zhou (2019)]

Dk,σ(ξ) =


k−1∑
i=0

αixσi
+ ξαkxσk

: α1, . . . , αk−1 ∈ Fqn , α0, αk ∈ Fqt


n = 2t, 2 ≤ d ≤ n and q odd , ξ ∈ Fqn such that Nqn/qt (ξ) ̸∈ □.
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5Known MRD codes

Additive (n, n, n − k + 1)-MRD codes

▶ [K. Otal, F. Özbudak (2017)]

Ak,σ,q0 (η, h) =


k−1∑
i=0

αixσi
+ ηα

qh
0

0 xσk
: αi ∈ Fqn

 ,

n, k, u, h > 0 and k < n, q = qu
0, η ∈ Fqn s.t. Nqsn/qs

0
(η) ̸= (−1)nku (Fq0 -linear code).
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6Known MRD codes

Non-linear (n, n; q, n − k + 1)-MRD codes

▶ [K. Otal, F. Özbudak (2018)]

Cn,k,σ,I = C(1)
n,k,σ,I ∪ C(2)

n,k,σ,I

where

C(1)
n,k,σ,I =


k−1∑
i=0

αixσi
: α0, . . . , αk−1 ∈ Fqn ,Nqn/q(α0) ∈ I

 ,

and

C(2)
n,k,σ,I =


k∑

i=1
βixσi

: β1, . . . , βk ∈ Fqn ,Nqn/q(βk) ̸∈ (−1)n(k+1)I


1 ≤ k ≤ n − 1 and I ⊆ Fq.

▶ [G. Donati, N. Durante (2018)]: n ≥ 3, 1 ≤ d ≤ n − 1, (d + 1, n; q, d)-MRD codes.
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7Field Reduction

Let ξ be a root of an irreducible polynomial of degree n over Fq. Then, for any x ∈ Fqn one has

x = x0 + x1ξ + . . . + xn−1ξ
n−1

, xj ∈ Fq.

Φ : (x1, . . . , xm) ∈ Fm
qn 7−→

x10 x11 . . . x1,n−1
x20 x21 . . . x2,n−1
xm0 xm1 . . . xm,n−1

 ∈ Fm×n
q ,

where
xi = xi0 + xi1ξ + . . . + xi,n−1ξ

n−1 xij ∈ Fq

field reduction of Fm
qn in Fm×n

q

1. Φ maps h-dim. subspaces of Fm
qn to hn-dim. subspaces of Fmn

q .

2. Φ induces a map

Φ′ : PG(m − 1, qn) −→ PG(Fm×n
q , Fq) = PG(mn − 1, q)

sending (h − 1)-dim. proj. subspaces to (hn − 1)-dim. proj. subspaces.
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8Segre Variety

Sm−1,n−1 = {⟨M⟩Fq ∈ PG(mn − 1, q) : rk M = 1}
Segre variety of PG(mn − 1, q), m ≤ n

Sm−1,n−1 can be seen as the field reduction of the set in PG(m − 1, qn), m ≤ n

Σm,n = {(x, xσ
, . . . , xσm−1

) : x ∈ F∗
qn} ∼= PG(n − 1, q)
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9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A

the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

9Secant variety & exterior sets

A ⊂ PG(r − 1, q),

Ωh(A)

h-secant variety of A
the union of the projective subspaces spanned by collections of h + 1 points of A

The image of Ωh(Σm,n) ⊆ PG(m − 1, qn) under the field reduction is

Ωh(Sm−1,n−1) = {⟨M⟩Fq : rkM ≤ h + 1} ⊂ PG(mn − 1, q)

E ⊆ PG(r − 1, q) exterior set wrt Ωh(A) if any line joining two points of E is disjoint from Ωh(A)

An exterior set E wrt Ωh(A) maximal in size is called maximum (wrt Ωh(A))



G. Longobardi | Non-linear MRD codes from cones over exterior sets

10Exterior sets & RD-codes

Theorem. [A. Cossidente, G. Marino, F. Pavese (2016)-N. Durante, G. Donati (2017)]
Let E ⊆ PG(m − 1, qn), m ≤ n be an exterior set with respect to Ωh(Σm,n) and denote by E′ the
image of E under the field reduction. Then,

i) the set
C = {ρM : ⟨M⟩Fq ∈ E′

, ρ ∈ Fq}

is an (m, n, q; h + 2)-RD code closed under Fq-multiplication.

ii) |E| ≤ qm(n−h−1)−1
q−1
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11Cσ
F -sets

▶ A, B distinct points in PG(d, qn), d ≥ 2,
▶ SA and SB be the stars of lines (pencils of lines if d = 2) through A and B, respectively.
▶ σ-collineation

Ψ : SA −→ SB

s.t Ψ(AB) ̸= AB and dim⟨Ψ−1(AB), AB,Ψ(AB)⟩ = min{3, d}.

X = {ℓ ∩ Ψ(ℓ) : ℓ ∈ SA}
Cσ

F -set

Theorem. [G. Donati, N. Durante (2018)]
Any Cσ

F -set is projectively equivalent to the set

X = {A, B} ∪
⋃

a∈F∗q
Xa,

with
- A = (0, . . . , 0, 1), B = (1, 0, . . . , 0) vertices of X ,

- Xa = {(1, t, tσ+1, . . . , tσd−1+...+σ+1) : Nqn/q(t) = a} components of X .
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12Cσ
F -sets

▶ Any component Xa ∼= PG(n − 1, q).
▶ The line AB can be partitioned in

AB = {A, B} ∪
⋃

a∈F∗q
Ja

where

Ja = {(1, 0, . . . , 0, (−1)d+1t) : Nqn/q(t) = a}
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13Exterior set from a Cσ
F -set

Theorem. [G. Donati, N. Durante (2018)]
Let

X1 = {(x, xσ
, . . . , xσd

) : x ∈ F∗
qn} ∼= PG(n − 1, q)

and Π ∼= PG(d, q) be a subgeometry of X1. For any T ⊆ F∗
q , 1 ∈ T, the set

E =

(
X \

⋃
a∈T

Xa

)
∪
⋃
a∈T

Ja

is a maximum exterior set with respect to Ωd−2(Π).

Corollary. G. Donati, N. Durante (2018)]
The exterior set E gives rise to a (d + 1, n, q; d)-MRD code C, with q > 2, n ≥ 3 and 2 ≤ d ≤ n − 1.
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14Embedding of Σ & Cone

▶ (canonical) subgeometry of PG(n − 1, qn)

Σ = Σn,n = {(x, xσ
, . . . , xσn−1

) : x ∈ F∗
qn} ∼= PG(n − 1, q)

A subspace S of PG(n − 1, qn) subspace of Σ if

dimFqn S = dimFq (S ∩ Σ)

▶ Λ∗ (k − 3)-subspace of PG(n − 1, qn) s.t. Λ∗ ∩ Σ = ∅
▶ Λ (n − k + 1)-subspace of PG(n − 1, qn) s.t. Λ ∩ Λ∗ = ∅
▶ Let

Γ = pΛ∗,Λ(Σ) = {⟨Λ∗
, P⟩ ∩ Λ : P ∈ Σ},

projection of Σ from Λ∗ to Λ

Γ = pΛ∗,Λ(Σ) is (n − k + 1)-embedding of Σ if any (n − k + 1)-subspace of Σ is disjoint from Λ∗

▶ M, N ⊆ PG(n − 1, qn) two disjoint sets with M a subspace,

K(M, N) =
⋃

P∈M,Q∈N PQ

cone with vertex M and base N
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15Exterior sets from cones

Theorem.[N. Durante, G.G. Grimaldi, GL (202x)]
Let

- Σ ∼= PG(n − 1, q) be a canonical subgeometry of PG(n − 1, qn),
- Λ∗ and Λ be subspaces of PG(n − 1, qn) of dimension k − 3 and n − k + 1, respectively, s.t.

Λ∗ ∩ Σ = ∅ = Λ∗ ∩ Λ,
- Γ = pΛ∗,Λ(Σ) be an (n − k + 1)-embedding of Σ, and
- E ⊆ Λ be a (maximum) exterior set with respect to Ωn−k−1(Γ).

Then, K = K(Λ∗, E) is a (maximum) exterior set with respect to Ωn−k−1(Σ).

Σ

Λ

Λ∗

E

Γ

K(Λ∗, E)
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16Our construction

Λ∗ : X0 = X1 = . . . = Xn−k+1 = 0 and Λ : Xn−k+2 = Xn−k+3 = . . . = Xn−1 = 0

Γ = pΛ∗,Λ(Σ) = {(α, ασ, . . . , ασn−k+1
, 0, . . . , 0) : α ∈ F∗

qn}.
Let

E =

(
X \

⋃
a∈T

Xa

)
∪
⋃
a∈T

Ja

where
▶ X =

⋃
a∈F∗q

Xa ∪ {A, B} Cσ
F -set of Λ with vertices

A = (0, . . . , 0︸ ︷︷ ︸
n−k+1

, 1, . . . , 0), B = (1, 0, . . . , 0),

and components

Xa = {(1, t, tσ, . . . , tσ
n−k+...+σ+1

, 0, . . . , 0) : Nqn/q(t) = a}.

▶
Ja = {(1, 0, . . . , 0︸ ︷︷ ︸

n−k

, (−1)n−kt, 0, . . . , 0) : Nqn/q(t) = a}

for any T ⊆ F∗
q , 1 ∈ T,

E is a maximum exterior set with respect to Ωn−k−1(Γ)
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17The code Cσ,T

Corollary [N. Durante, G.G. Grimaldi, GL (202x)]
For any T ⊆ F∗

q , 1 ∈ T, the set K = K(Λ∗, E) is a maximum exterior set with respect to Ωn−k−1(Σ).
Then, the set

Cσ,T = {ρM : ⟨M⟩Fq ∈ K, ρ ∈ Fq}

is an (n, n, q; n − k + 1)-MRD code.

▶ [A. Cossidente, G. Marino, F. Pavese (2016)]: (3, 3; q, 2)-MRD codes =⇒ Λ∗ = ∅
▶ [A. Siciliano, N. Durante (2017)]: n ≥ 3, (n, n; q, n − 2)-MRD codes =⇒ Λ∗ = ∅
▶ [G. Donati, N. Durante (2018)] n ≥ 3, 2 ≤ d ≤ n − 1, (n, n; q, n − 2) =⇒

punctured code C′
σ,T ⊆ F(n−k+2)×n

q obtained by Cσ,T deleting the last (k − 2) rows.
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18Cσ,T as set of σ-linearized polynomials

Cσ,T =


d∑

i=0
λα

σi
ξ

σi−1
σ−1 xσi

+

n−1∑
i=d+1

βixσi
: λ, α, βi ∈ Fqn ,Nqn/q(ξ) ∈ F∗

q \ T


∪

λαx + (−1)d+1
λα

σ
ηxσd

+

n−1∑
i=d+1

βixσi
: λ, α, βi ∈ Fqn ,Nqn/q(η) ∈ T


∪

αxσd
+

n−1∑
i=d+1

βixσi
: α, βi ∈ Fqn

 ∪

αx +

n−1∑
i=d+1

βixσi
: α, βi ∈ Fqn



U =

αxσd
+

n−1∑
i=d+1

βixσi
: α, βi ∈ Fqn

 =

{
f ◦ xσd

: f ∈ Gk−1,σ

}
∼= Gk−1,σ

V =

αx +

n−1∑
i=d+1

βixσi
: α, βi ∈ Fqn

 =

{
f ◦ xσd+1

: f ∈ Gk−1,σ

}
∼= Gk−1,σ
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19Equivalence issue

Cn,k,σ,I = C(1)
n,k,σ,I ∪ C(2)

n,k,σ,I

where

C(1)
n,k,σ,I =


k−1∑
i=0

αixσi
: αi ∈ Fqn ,Nqn/q(α0) ∈ I


C(2)

n,k,σ,I =


k∑

i=1
αixσi

: αi ∈ Fqn ,Nqn/q(αk) ̸∈ (−1)k(n+1)I


1 ≤ k ≤ n − 1 and I ⊆ Fq.

W =


k−1∑
i=1

γixσi
: γi ∈ Fqn

 =
{

f ◦ xσ : f ∈ Gk−1,σ
} ∼= Gk−1,σ

Theorem.[N. Durante, G.G.Grimaldi, GL (202X)]
Let I ̸∈ {{0}, Fq, F∗

q , ∅}, the code Cn,k,σ,I contains a unique subspace equivalent to Gk−1,σ .
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Theorem. [N. Durante, G.G.Grimaldi, GL (202x)]
If q = 2 or T = F∗

q and I ∈ {{0}, Fq, F∗
q , ∅}, then the codes of type Cn,k,σ,I and Cσ,T are both

equivalent to a Gk,σ .
If I ̸∈ {{0}, Fq, F∗

q , ∅} and 1 ∈ T ⊆ F∗
q . Then the codes of type Cn,k,σ,I and Cσ,T are neither

equivalent nor adjointly equivalent.
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